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Let A be a commutative unital Banach algebra with connected maximal 
ideal space X. We show that the Gelfand transform induces an isomorphism 
between the group of commutative Gaiois extensions of A with given finite 
Abelian G&is group, and the corresponding group of extensions of C(X). 
This result is applied, when X is sufficiently nice, to construct a separable 
projective finitely generated faithful Banach A-algebra whose maximal ideal 
space is a given finitely fibered covering space of X. 
1. INTR~DUCTI~K 
Magid [lo] proves that given a commutative unital Banach algebra A with 
maximal ideal space X, there are natural conditions to put on an extension 
B of A which ensure that the maximal ideal space of B is a finitely fibered 
covering space of X. We call such a B a covering A-algebra (see Sect. 4 for the 
definition). I f  A = C(X), then the corresponding B is some C(Y), and con- 
versely, given a finitely fibered covering space Y of X, it is known that C(Y) is 
a covering C(X)-algebra. Magid thus asks whether this remains true when C(X) 
is replaced by A, i.e., whether it is always possible to find a covering A-algebra 
B whose maximal ideal space is a prescribed finitely fibered covering space of X. 
Using local techniques, he shows that this is the case if A is both semisimple 
and regular [ 10, Theorem 111. We give in Section 4 another partial answer to 
this question; it is always possible provided that rl(X) is Abelian, and X is path 
connected. These restrictions are essential to our method, which uses nontrivial 
facts from the Galois theory of extensions of a commutative ring with abelian 
Galois group. However, they are not intrinsic to the problem, and it would 
certainly be of interest to know whether Magid’s question can be answered in 
full generality. 
Our results on covering algebras follow by obtaining detailed information 
about all possible extensions associated with a certain group. In order to state 
the theorem, we first review known results on Galois extensions; for a detailed 
exposition we refer the reader to [4]. Let A be a commutative unital ring and B 
a commutative faithful A-algebra (so B is unital, and the map a -+ a ’ 1, (Q E A) 
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is a monomorphism). Then B is a Galois extension of A with Galois group G if 
G is a finite group of automorphisms of B as an A-algebra such that 
(i) {b E B: o(b) = b f  or each o E G} = A, so G fixes no more than 
A-multiples of the identity. 
(ii) There exist 6, ,..., b, ; br’,..., b,’ E B such that for u E G Cy=l bio(bi) = 
S,,, (1 is the identity in G). 
We regard two such extensions as equivalent if they isomorphic as A-algebras, 
and the isomorphism preserves the action of G. The set of equivalence classes 
under this relation is denoted by Comm (A, G). Provided that G is Abelian, 
which we require for the remainder of this section, this set becomes an Abelian 
group when given the product first described by Harrison [8]. 
We write A[Gj for the group algebra, i.e., the free A-module on the generators 
{u: o E G}, together with the multiplication induced by those on A and G. 
We can regard the elements of Comm (A, G) as A[C;I modules, and in fact 
Comm (A, G) consists of (equivalence classes of) rank 1 projective A[Gj modules 
[I 1, Theorem 3.61. The subset of Comm (A, G) consisting of the free A[Gj- 
modules is a subgroup which we denote by NB(A, G), those Galois extensions 
which have a normal basis. Thus B E NB(A, G) if, as far as the actions of A 
and G are concerned, B is just A[Gj, w I e in general B has a different multiplica- h’l 
tion from that on A[Gj. 
We now specialize to the case in which A is a complex commutative unital 
Banach algebra with connected maximal ideal space X. Since the ground field 
is well behaved and A has no nontrivial idempotents, we can use a theorem of 
Childs [3, p. 301 to obtain the short exact sequence 
0 --f NB(A, G) + Comm (A, G) + Horn (G, Pit A) - 0 
of Abelian groups, where Pit A is the Picard group, consisting of isomorphism 
classes of rank-l projective A-modules, with the product induced by the tensor 
product of modules, and G is the group dual to G. 
We may regard C(X) as an A-module by defining (a .f)(x) = ra(x) . f(x) 
(a E A, f E C(X)), where yu is the Gelfand transform of a, and thus associate 
to any A-module B, a C(X)-module B @A C(X), which we denote by I’(B). 
Let G act on B OR C(X) by u(b Of) = ab @f (b E B, f E C(X), u E G); then 
from the general theory, r is a group homomorphism from Comm (A, G) to 
Comm (C(X), G) [4, 3.1.31 and it is clear that I’ maps iVB(A, G) into 
iVB(C(X), G). We thus obtain a commutative diagram 




0 -+ NB(C(X), G) 1 Comm(C(X), G) @-+ Hom(G, Pit C(X)) + 0, 
and can now state our main theorem precisely. 
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THEOREM I. Let A be a complex commutative unital Banach algebra with 
connected maximal ideal space X, and let G be a finite Abelian group. Then the 
Gelfand transform induces an isomorphism of Abelian groups 
l? Comm (A, G) -* Comm (C(X), G). 
Also, the induced maps P’ and F’ are isomorphisms. 
2. GROUP COHOMOLOGY AND HARRISON COHOMOLOGY 
In the proof of Theorem I we need to know that a certain cohomology group 
associated with A is isomorphic to that associated with C(X). In this section 
we give this result, together with more general results which can be obtained 
in the same way. 
Let G be a not necessarily Abelian group and ill a G-module, and let C?(G, M) 
consist of all functions on Gn with values in M. With a suitable definition 
of a coboundary operator 6: C”(G, M) + Cn+l(G, M) as in [9, p. 1161, we obtain 
a cochain complex whose cohomology groups we denote by EP(G, M). This is 
group cohomology with coefficients in M. Given a morphism f: iI24 M’, we 
write f* : Hn(G, M) - H”(G, M’) for the induced morphism. 
Let A-’ be the group of invertible elements of A and exp A the subgroup 
{e”: a E A}. These groups become G-modules if we define the G-action trivially, 
and the Gelfand transform y, which maps A-l into C(X))l, thus becomes a 
G-module homomorphism. Also note that y(exp ,4) C exp C(S). 
THEOREM 2. Let A be a commutative unital Banach algebra with connected 
maximal ideal space X, and let G be a fkite group. Then 
(i) y.+ : H”(G, exp A) - II”(G, exp C(X)) is an isomorphism (n > 0), 
(ii) y.+ : H”(G, A-‘) --f H”(G, C(X)-l) is an isornorphism (n > 0). 
In each case, G acts trivially on the coefficient module, and y* is the morphism 
induced by the Gelfand transform. 
Proof. (i) Let T(A) == {ea E exp A: e ka = 1 for some k EZ}. Then using 
the functional calculus, we can decompose ha as a finite sum of integral multiples 
of 2nie,, where {e,} is an orthogonal collection of idempotents [13, 4.21. Thus 
by our hypothesis T(A) = (2n(n/h)i lA : k, n EZ), and writing Q(A) = 
exp A/T(,4), we have a commutative diagram 
1 - T(A) --‘-- exp A L-F Q(A) - 1 
JYf 1Y JY” 
1 + T(C(X)) L exp C(X) J+ Q(C(X)) --f 1 
induced by the Gelfand transform, in which y’ is an isomorphism. 
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From the exactness properties of the functor H*(G, ) we get the commutative 
diagram 
-- H”(G, T(A)) L H*l(G, exp A) A H”(G, Q(A)) s H”+l( ) ---) 
1, y* 1 
Y’ iy: 1, y* 
- H”(G, T(C(X))) 2 N”(G, exp C(X)) c H”(G, Q(C(X))) 6”1: Ein-fl( ) ---f 
(2) 
in which the rows are exact, and at each stage yi is an isomorphism. Further, 
given an integer m and y  EQ(A), there is a unique x EQ(A) such that P = y. 
Thus Q(A) is uniquely divisible, and so the groups H”(G, Q(A)) are trivial when 
n > 0 [9, IV.5.4). Since in general HO(G, M) = \r,: gm = m} and in our case G 
acts trivially, the zeroth stage of diagram (2) is simply a repeat of the middle 
terms of diagram (1) (in additive notation). In particular since .a0 = m is an 
epimorphism, the first connecting homomorphism a1 is trivial. Thus diagram (2) 
remains exact to the right of Ho if we replace all the terms involving Ha by 
zeros. It follows from the five lemma that y* is an isomorphism when n > 0. 
(ii) This follows in the same way using the inclusion exp A + A-l. 
The map A-l/exp A --f C(X)-l/exp C(X) induced by the Gelfand transform is 
an isomorphism by the Arens-Royden theorem, and using this and part I of the 
theorem gives the result. 
We now describe the cohomology theory introduced by Harrison [7], which 
in general is more suited to dealing with Galois extensions and, in our case, 
reduces to group cohomology. Let G be a finite Abelian group and R a com- 
mutative unitial ring, and write B”(R, G) = R[G’“]-I, the invertible elements of 
the group algebra of G x ... x G. Then defining a coboundary operator as in 
[1, p. 6641 gives a cochain complex whose cohomology groups we denote by 
S3’YR G). 
Specializing to the case when -4 is a complex commutative unital Banach 
algebra, there is an isomorphism 
va : @(A, G) --f fP(&, A-l) 
described in [l, Theorem 2.21, where we regard G as acting trivially on A-l. 
This isomorphism, essentially the Fourier transform, is induced by the map 
on cochains which sends 01 = C aol...on~l @ ... @ a, to the cochain TV 
given by 
9)A(4(Xl 7’..> xn) = c %l...o,xl(d ... Xn(%)r 
where x1 ,..., xn E G, and the summations are over all n-tuples (a, ,..., u,) of 
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elements in G. It is clear that this is functorial and hence we get the commutative 
diagram 




!+(C(X), G) 3 IS’@, C(X)-l) 
where 7 is induced in the obvious way from the Gelfand transform. 
COROLLARY 1. Let G be a finite Abelian group. Then the Gelfand transform 
induces an isomorphism 
p: b”(A, G) - b”(C(X), G) (n > 0). 
Finally, we restrict attention to !Fj2(A, G). A symmetric cochain (Y E a2(A, G) 
is one in which aor = a7,, , where 01 = C a,,o @ 7 and the summation is over 
pairs (a, T) of elements in G. Let $,2(A, G) denote the subgroup of b2(A, G), 
which is the image of the symmetric 2-cocycles. 
COROLLARY 2. Let G be a finite Abelian group. Then the Gelfand transform 
induces an isomorphism 
7: 5,2M G) - sja2(C(X), G). 
Proof. We show that y* induces an isomorphism 
y* : Hs2(G, A-‘) ---f HS2(G, C(X)-l), 
where the symmetric cocycles in C2(G, A-l) are those functions8 G x G --j. A-l 
such that f(u, T) = f(~, a)(~, u E G). It is clear that yA is an isomorphism between 
!+jS2(A, G) and H,a(G, A-l) and so the result will follow. 
From Theorem 2, y* is injective. Pick [f] E Hs2(G, C(X)-l); then by Theorem 
2 there is a cocycle (a, T) - a(u, T) in C2(G, A-‘) such that the cocycle (a, T) - 
ya(u, T) induced by the Gelfand transform represents [f] and so is symmetric. 
Let b(a, T) = a(r, u)(a(u, T))-‘; then yb(u, T) = 1 E C(X). Let b1j2(u, T) be the 
unique square root in A of b(a, 7) whose Gelfand transform is identically 1 
[6,111.6.1], and let 01(u, T) = a(u, T) b1/2( u, 7). Since (b1i2(u, T))-l = b1j2(T, a), 
it follows that ~(0, T) = ~(7, a), and 01 defines a symmetric 2-cochain. Further, 
a(u, T) defines a 2-cocycle, and so 
ah 0) aho, 7) = 40, 7) 44 07) 
and 
a(p, 1) = 1 = a(1, p), for p, u, T E G. 
Using these relations, and the uniqueness of the square root, a calculation 
shows that the same relations hold for 01. Thus 01 is a symmetric 2-cocycle and 
~*[a] = v] as required. 
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3. PROOF OF THEOREM 1 
We show first that r’ is an isomorphism. There is a map OA : iVB(A, G) + 
$,2(A, G) defined as follows. For B ENB(A, G), choose an A[GJ-module 
isomorphism f: A[GJ ---f B. This induces a new multiplication 0 on A[GJ which 
makes f into an A-algebra homomorphism, and hence specifies 1 G I3 elements 
a&) of A by the equation u-r o 7-l = CllEG a,,(p)p. Let ug =Co,7Ec uor( 1 o)u @T. 
Then us is a symmetric 2-cocycle whose cohomology class is O,(B). That OA is 
well defined, and a bijection was shown by Chase and Rosenberg [I], while 
Orzech [l l] proved further that it is a group isomorphism. 
In order to establish the result, it is thus sufficient, because of Corollary 2, 
to show that the diagram 
NB(A, G) L-+ 5j,2(A, G) 
1 r’ 1 B 
NB(C(X), G) % &&Y), G) 
commutes. Using the notation above we have 
where [ ] is the induced cohomology class. To go the other way round the 
diagram we note that 
f @ I: A[G] @A C(X) + B & C(X) 
is a C(X)[G$module isomorphism, which becomes an algebra isomorphism 
when A[G] is given the product 0. Since A[G] BA C(X) is naturally isomorphic 
to C(X)[GJ, we see that under the product X, induced by 0, we get a C(X)- 
algebra isomorphism f @ 1 : C(X)[c;l 4 B @A C(X). Computing, we find that 
0-l t 7-l = CpEG li,,(p)p; thus z+, @A C(X) is the symmetric 2-cocycle xO,TEG 
&(lo)u @ T ,  and the diagram commutes as required. 
To see that r” is an isomorphism, we first describe the map /I; the details 
of the construction are in [2, Theorem 93. Fix B E Comm (A, G) and for x E G 
let 1, = {b E B. ub = x(u)b for all c E G}. Then 1X is a finitely generated projective 
A-module and 
B = @I,. 
rd 
Since I,$ = 1, BA I& (x, # E G), we can define /3(B) as a homomorphism from 
C? to Pit A by ~(B)(X) = [I,], th e e q uivalence class containing 1, in Pit A. 
We have 
B @A CW = 0 (4 @A C(W) = 0 J, , 
xsc x-5 
say, 
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and since /, = {b’ E B Ba C(X). ab’ = X(U)& for all 0 E GS, it follows that 
,@(B) is defined on G by x -+ [I, On C(X)]. \jTe thus identify r” as the dual 
of the map induced by r from Pit iz to Pit C(X), i.e., 
(W)(x) = [f(x) @A C(x-)I = Wx). 
It is a result of Forester [5], or see [14, 7.71, that r induces an isomorphism 
from Pit A to Pit C(X), and our assertion now follows. 
4. APPLICATIONS 
Let A be a commutative unital Banach algebra with maximal ideal space X. 
We say that an algebra B is a covering A-algebra if it is a commutative A-algebra 
which is finitely generated, projective and faithful as an A-module. A covering 
A-algebra is itself a Banach algebra under some norm, and it has maximal ideal 
space which is a finitely fibered covering space of X [lo, Theorem 51. Our aim 
in this section is to obtain conditions under which the converse is true. 
It is not hard to check that every Galois A-algebra is a fortiori a covering 
A-algebra [4, p. 811. In the case when A = C(X) the distinction is as follows; 
the covering C(X) algebras are precisely algebras of the form C(Y) for a finitely 
fibered covering space Y of X, while it is an easy calculation to see that the 
Galois extensions correspond to the regular covering spaces. Here, I’ is a regular 
covering space of X with covering group G if 
(i) Y is a (not necessarily connected) finitely fibered covering space of Xi; 
(ii) G acts as a finite group of fiber-preserving homeomorphisms of Y; 
(iii) G acts freely and transitively on the fibers. 
PROPOSITION I. Let A be a commutative unitial Banach algebra with connected 
maximal ideal space X, and let Y be a regular covering space of X with Abelian 
covering group G. Then there is a Galois extension B of A (a fortiori a covering 
A-algebra) with maximal ideal space I;. 
Proof. From the above, C(Y) E Comm (C(X), G) and hence by Theorem 1 
we obtain B E Comm (A, G) with B @)A C(X) == C(Y). But the maximal 
ideal space of B is some covering space of X, and since the correspondence is a 
bijection, it is clear that it is indeed I’. 
Remarks. (1) If  X is a finite union of connected sets, the result still holds. 
We can, using the Silov idempotent theorem, decompose A into a finite direct 
sum of ideals fli . By the above we obtain Galois extensions Bi of i-l i , and then 
B - ($ Bi is a Galois extension of .3 with the required maximal ideal space. 
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(2) Without the restriction that G be Abelian, this would be a complete 
solution to the problem for connected X. By a suitable version of the fundamental 
theorem of Galois theory, it is possible to embed any covering algebra in a 
Galois extension (cf. [lo, Theorem 51). U n or f  t unately the corresponding Galois 
group so obtained is not in general Abelian. In our last result we place hypotheses 
on X which allow us to avoid this difficulty. 
PROPOSITION 2. Let Y be a$nitely$b ere d covering space of the path connected 
space X, and assume that rrl(X) is Abelian. Then if A is a commutative unital 
Banach algebra with maximal ideal space X, there is a covering A-algebra B having 
maximal ideal space Y. 
Proof. Assume first that Y is path connected, and let G be the group of all 
homeomorphisms of E’ which preserve the covering projection p. Then, because 
n,(X) is Abelian, we have an isomorphism [ 12, 2.6.21 
where JJ” is any base point of IT. In particular, G is Abelian, finite [12, 2.3.91 
and transitive on the fibers of p [12, 2.3.121. Hence Y is a regular covering 
space of X with covering group G, and Proposition 1 applies. 
If  Y is not path connected, it can be decomposed into a finite number of path 
components, on each of which p is a covering projection of X [ 12, 2.1.201. Using 
the above on each component and taking the direct sum of the resulting algebras 
gives the required covering A-algebra. 
Remark. If  X is a topological group, or more generally, has the homotopy 
type of an H-space then n,(X) is Abelian. It is also easy to construct examples 
with X C C in which Y is a suitable bordered Riemann surface. Taking A = A(X) 
the algebra of analytic functions in int S which are continuous on S gives a 
nonregular algebra to which our results apply. The resulting algebra B is of 
course d4( I’). 
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